Newington College 2008 Trial Examination Extension 1 Mathematics

Question1 12 Marks Marks
2
(a) Evaluate the following definite integral .[ deji 2 2
)
(b) Solve >2. 2

I . ., 2x .
—sin 1? +C, where C is constant. 2

dx
Jo—ax 2

(¢) Show that j

3 2

(d) Find the general solution for cos26 = -

(e) (1) Show that the derivative of [*sinx is 1_ .
cos X 1—sin X 4
7 dx

Ta
(11) Hence, deduce that I
0

_

1—sin X

Question 2 12 Marks Start a new booklet
(a) Let f(x)=x’+5%>+17x—10. The equation f(x)=0 has only one real

4
root.
(1) Show that the root lies between 0 and 2.
(i)  Use one application of the ‘halving the interval’ method to find a
smaller interval containing the root.
(1i11)  Which end of the smaller interval found in part (i) is closer to the
root? Briefly justify your answer.
¢ xdx
(b) Evaluate _[ 3 using the substitution X=3—-U. 4
—X
-1
(c) ABCD is a cyclic quadrilateral in A
which AC bisects Z/DAB. CE is B 4

the tangent to the circle at C.
Prove CELIDB.
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Question 3 12 Marks Start a new booklet

(a)

(b)

(©)

(i) Express sin@++/3 cos@ in the form Rsin (0+9).
(i)  Hence, or otherwise, solve the equation sin 8+ J3cos@=1 for

values of @ between 0 and 27 .

Cadel notices that the angle of elevation of the top of a mountain due
north is 14°. Upon riding 7 kilometres due west, he finds that the angle
of elevation of the top of the mountain is 10°. How high is the
mountain? Give your answer correct to the nearest metre.

D

C

/ North

A 7 km B

/DBC =14°, Z/DAC =10°

(i) Show that cos@ =2cos’ g -1

(i)  Hence, show that Pl X
I+secx 2 2
7
(iii)  Use part (ii) to deduce that | x _z_
, 1+secx 2
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Question 4 12 Marks Start a new booklet

(a) The sides of a cube are increasing at a rate of 2 cms™' . Find at what rate the
surface area is increasing when the sides are each 10 cm.

(b) Prove by induction 9" —4" is divisible by 5, for n>1

(c) 100 grams of cane sugar in water is converted into dextrose at a rate which is
proportional to the amount unconverted at any time. That is, if m grams are

. : dm :
converted in t minutes, then E =k (100 - m) , where K is constant.

(i)  Show that m =100+ Ae ™, where A is a constant, satisfies this
equation.

(i1)) Find the value of A.

(ii1) If40 grams are converted in the first 10 minutes, find how many
grams are converted in the first 30 minutes.

(iv) What is the limiting value of m as t increases indefinitely?

Question 5 12 Marks Start a new booklet

(a) Solve the equation 6x° —17x> —5x+6 =0, given that two of its roots have a
product of 2.

(b) Find the values of a and b so that x* +4x’ —x* +ax+b is divisible by

(x=2)(x+1).

(c) P (Zap, ap’ ) and Q (2aq, aqz) are points on the parabola x* = 4ay .
A
y

v

+0)Xx
(1)  Show that the equation of the chord PQ is w —y=apq

(i) The line PQ passes through the point (0,—a). Show that pg=1.

(iv) Hence, or otherwise, if S is the focus of the parabola, show that
1 1 1

—t—=—.
SP SQ a
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Question 6 12 Marks Start a new booklet

(a) By considering the expansion of (1 + X)2n in ascending powers of X show
that >'C, + *"C, + *"C, + ... +°"C,, =4"

20
(b) () Write the expansion of (2+ 3X)20 in the form ZCrXr , where ¢, is
r=0

the coefficient of X" in the expansion.

(i)  Show that Sret = 9073
C 2r+2

r

(ii1)  Hence, or otherwise, find the greatest coefficient in the expansion
of (2+ 3X)20 . Leave your answer in index form.

(c) Of a set of otherwise similar cards, ten are white, six are red and four are
yellow. Three cards are taken at random. What is the probability that:

(1) They are all different colours;
(i1) They are the same colour?

(d @) In how many ways can 2 boys and 1 girl be arranged in a row if the
selection is made from 4 boys and 3 girls?

(i1) In how many of these arrangements does a girl occupy the middle
position?
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Question 7 12 Marks Start a new booklet

(a) A particle is projected with speed 40 ms™' from the top of a cliff 84 metres

high at an angle of elevationa = tan™ % . Assume that the equations of

motion are X=0and y=-10 ms™.

84 m |

»
>

@) X
(1) Derive the equations X =24t and y =84 +32t—5t°.

(i)  Hence or otherwise find the range on the horizontal plane through
the foot of the cliff.

(ii1))  Find the speed of the body when it reaches this plane. Answer
correct to two significant figures.

(b) A particle moves in simple harmonic motion about X = 0 and its
displacement X metres, at time t seconds, is given by X =asinn (t + a) . The

particle moves with a period of 16 seconds. It passes through the centre of
motion when t = 2 seconds. Its velocity is 4ms™' when t = 4 seconds.

(1] 2
(i)  Show x=—-2—x.
64

(i)  Find the maximum displacement.

(iii)  Find the speed of the particle when t = 10 seconds.

END OF EXAM



Solutions Extension One Trial 2008
Question 1

(a)

(b)

(©

(d)

2 2
I 2dX _ 2! de
0

0>2(x-3)" =5(x-3)
02(x-3)[2(x-3)-5]
0>(x-3)(2x-11)

3<X£E Note: X #3

~—X
4
_l dx
4
1 dx
=§I

cos 26 = cos

20 =2nrx i%, ne {integers}

3

O=nrt—
12

Newington College



© 0 di(lJrsmxj:vu —zuv
X

Y
cos X.cosx—(1+sin X).—sinx

, where U=1+sin X, V=cos X
cos X

cos’ X
_cos’ X+sin X +sin’ X

cos® X

1+sin X .
= Note: cos® X+sin’ x =1

cos® X
_ l+sinXx
" 1-sin’ X
(1+sinx)
(1-sinx)(1+sinX)

~
it
o
=
[
Il

dx 1+sin X
1—sin X cosX |,

Question 2

@ @  f(0)=-10,f(2)=52.  ~f(a)=0,0<a<2
(ii) f(1)=13, . 0<a<l

1 1 1
fl—|=—, ".=<ax<l
(111) (2j 2 5 a

ais closerto 1.



(b) X=3-u, .'.%:—1 or dx=-du
du

When x=-1,u=4 and whenx=2,u=1

—j%:ju;@—u)du

(©) Let a = ZDAC
/BAC = ZDAC =« (given)
/BDC = ZBAC =« (angles in the same segment)
/ECB = ZBDC =« (angle in the alternate segment)
ZCBD = ZDAC =« (angles in the same segment)

.. Z/ECB =~«CBD
EC|| DB (equal alternate angles)
Question 3
@ O
sin<9+x/§cost9 = 1.sin<9+x/§cos<9
=2 l.sin&’—kﬁcos&’
2 2
= 2(c0s£.sin0+sin£.cos 9)
3 3
=2sin [9 + Zj
3




(i)  sin@++3cosO=1

23in(9+£j=1

3

sin(¢§?+£j:l
3 2

N oy

-

$oly

N
Il
|
— N
°‘5rv|a
=g [a—
S Q‘a
(@)
IA
)
IA
N
B

AC? =BC? +7*
h? h?

tan’10° - tan’ 14° B

w( N )—49
tan’10° tan’14°

49
1 3 1
tan’10° tan’14°

49

h =

= 5.432 km (to nearest metre)

(©) (1) cosd = cos[ng)

=2c0s2§—1
2

/DBC =14°, ZDAC =10’



1 1

— 1

(i)

B 1
"~ cosX+1

Ccos X
Ccos X

cos X+1

2cos® X1
2

2cos’ X141
2

_2cos —_ 1
2cos’ > 2cos’ >
2
- Lgee X

Question 4

(a) Let x = length of one side of the cube. Let S = surface area = 6x.
o _ 2cms™, a4 _ 12x
dt dx

ds _ds dx

dt  dx dt

=12x.2

=24x, atx=10

=240cm?*s™



(b) Step 1 Prove result true for n =1

9l+2_41 =93_4

=725

=145x5

Step 2 Assume the result is true for n = k, where K is a positive integer
ie. 9¥*2 _ 4% = 5P where P is a positive integer

Step 3 Prove the result is true forn=k + 1
i.e.  Prove 91" —4*1 = 5M
LHS=9.9%2 — 4.4+

=9(9? —4%)+5.4"

=9(5P)+5.4, from assumption
=5(9P-4")

=5M, M =9P —4
Step 4 The result has been proved true for n=1,n=1+1=2,n=2+1=3, etc.

Hence, by the principle of Mathematical Induction, the result is true for all positive
integers.

) () m=100+ Ae
OI—m:—ke’kt
dt
=-k(m-100)
=k(100—m)
(i)  Whent=0, m=0.
5.0=100+ Ae’, A=—-100
(i) Whent=10,m=40
. 40=100-100e "%
e—lOk :ﬂ

100

~10k =1n0.6

k= —iln 0.6
10

Lett=30

—{—lanbjSO
m=100-100e *
=100-100e"%¢
~100-100e"**"
= 100—100(0.63)
=784 ¢g

t

(iv)  limm= ym(loo —100e10" 0‘6]

=100-0
=100 g



Question 5
(a) 6x> —17x* =5x+6=0. Let the roots be a,_—z,ﬂ.
a

P S
a 6

Sub | 2| into| |

-2 1 17
aA+—+—=—
a 2 6

6’ +-12+3a =17«
3’ -Ta-6=0
(3a+2)(a-3)=0

a=_—2 or3

-2 1
.. roots are ?,3,—

(b)  Ifdivisible by (x—2)(x+1) then f(2)=f(~1)=0
22" +4(2) —2°+2a+b=0 and (-1)'+4(-1)’ —(-1) —a+b=0
2a+b=-44 1.
a-b=-4 2.

Solve simultaneously
a=-16,b=-12




2 2
@ Meo= ;_izp:ggq
_a(p-a)
- 2a(p-q)
_a(p-a)(p+a)
- 2a(p-q)
+q

2
Equation PQ:

o

p+(
-2
5 (x ap)

11,229
2

y—ap’ =

+ N

o
o]

x—ap’ —apq

X—y=apq

x> = 4ay




(i) SP= \/(Zap ~0) +(ap’ —a)2
= \/4a2 p’>+a’p*-2a’p’+a’
=\/a2(p4+2p2+1)
=a(p’+1)

Similarly SQ =a(q’ +1)

1

g_ (p2+1)(q2+1)
_l_ P> +0q°+2
al(p+1)(o” +1)

_l_ p>+q’>+2
a

pq*+p+g’+1
1 p*+q*+2
—— p2 q2 :|’ u.o pq =1
ajp +q +2
_1
a
Question 6
@  (1+%)" =2C, + "Cx+ "C,x% +....."C, X"
Letx=1

(1+1)" = 2'C, + "C,1+ "C, 1% +....."C,, 1*"

®) () (2+3x)" =2C,2" + *C,2" (3x)' + *C, 2" (3x)’ +.....7°C,,

— zo ZOC 2207!‘3]’ XI‘

r=0

20
=Y ¢.x", where ¢, = *'C, 23

r=0



(©)

(d)

20, 20—(r+1)r+l1
CRET S
20! 20—r—13r+1
(20—(r+1))(r+1)!
200 soiqr
(20—r)!r!2 :
_ 20! (20-r)ir! 3
(19-r)(r+1)t 200 2
_(20-1)3
(r+1)2
_60-3r
2r+2

(i) LetZris]
Cr
60-3r
2r+2
60-3r>2r+2

5r <58

r<11.6
.C,,, >C, whenr=0,1,2,3,4,...,11

CCYr+l
5.C, >C; >Cy >Cy...>C, >C >C,
.C,,, <C, whenr=12,13,14,...,19

CYr+l

5.Cp >Cy>Cy >C >C >Cp, >C >C

>1

and

Maximum coefficient = ¢, = *°C,,2°3"

(i) Number of possible selections = *’C,
Number of ways of selecting one of each colour
="C..°C,."C,
C,.°C.."C, 4

20(:3 - E
(i1) P(same colour) = P(3 white or3 red or 3 yellow)
_C,+°C,+'C,

20(:3

P(different colours) =

b
95

(1) 'C,.’C,.3!=108
(i1)  Girl occupies centre position in one third of arrangements

:lx108
3

=36



Question 7

(@ ()
Horizontal: /32142 —5
X=Cc

When t :0,).(:4000sa
..c=40cos < [

S X=40x2 , 3
5 ..Cosa—g, SiIno =

|

L x=24

X =24t +c,

When t=0,x=0,..¢c, =0
SoX =24t

Vertical
y=-10
y=—10t+k

When t:0,§/:405ina
. k=40sina
4

=40x—=32
5
L y=32-10t
y =32t -5t* +k
When t =0,y =84,.. k =84
Sy =32t-5t> +84
(i) Lety=0
40t%—5t2+84=0

32t-5t2+84=0
5t2-32t—-84=0
(5t—42)(t+2)=0
t:% or —2,butt>0

.t =8.4seconds
Now, X =24t and the time of flight, t =8.4 .
Range in horizontal plane =24x8.4 =201.6 m



(i)  x=24ms"
y=32-10t
=-52ms”’
Speed =4/24% +(-52)’
=57ms”' (two sig. fig.)

SoX= asin%(tJra)

X :%acos%(t+a)

2
SoX = —(ZJ aSiHZ(t+a)
8 8

(i1) Whent=2,x=0andwhent=4,;(24

0= asin%(2+a)

.'.%(2+0{):0

4=—acos—

ra
4=——

82
. 3242

T
SoX= 32\/5 sinz(t—Z)
T 8

3242
m

T

Maximum displacement =



* T 32\/5 i
111 X=—.——cos—(t—-2
(it} 8 =« 8( )

= 4«/§cos%(t -2)
Now, when t = 10, X = 42 cos 7 ms™
= ‘4\/5 cos 7[‘ ms™'
= ‘—4\/5‘ ms”'
= 42ms™

Speed = X
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